1. Introduction {#sec1}
===============

Many pathogens affecting humans circulate between humans and animals through contact, food or indirectly through common disease vectors in the environment. Other pathogens move across population boundaries due to the movement of people. The basic reproduction number -- the average number of secondary cases arising from each primary case in a susceptible population -- determines whether or not the introduction of a small number of infectives will lead to an epidemic or establishment of endemicity in the population. Effective interventions can interrupt transmission by reducing the basic reproduction number below one, preventing the disease from causing an epidemic or establishing endemicity. Moreover, with the notable exception of disease systems exhibiting 'backward bifurcations' ([@b7]), reducing the basic reproduction number below one for an isolated population will cause disease extinction even if endemicity has previously be established. However, continual exposure to a disease reservoir or continual importation of cases from another population will continue to replenish the infected population, and so a disease may establish and persist in a population even if the basic reproduction number is less than one. There is a rich literature in meta-population models that capture the interactions of populations that introduce or reintroduce pathogens to one another (e.g. [@b4], [@b5], [@b6], [@b23])). However, one often only has data or interest in a single population but needs to account for external sources of infections. It is in this context that we wish to generate some simple principles or rules for estimating the reproduction number. There is also a rich literature studying vector-borne diseases (e.g. [@b44]), where individual transmission events occur primarily or exclusively between different species of host (e.g. mosquito to human or human to mosquito but not human to human or mosquito to mosquito). In these diseases the dynamics of the infection in each host are inseparable. Rather we are interested in studying disease systems where the rate of exposure to a reservoir or the rate of importation of infected individuals can be assumed to be at least approximately constant and independent of the transmission dynamics within the population of interest.

Methods have been developed to estimate the human reproduction numbers of emerging zoonoses with limited person-to-person spread ([@b10], [@b30]). Others have developed methods to account for the often large proportion of imported cases at the beginning of new epidemics, which if excluded or treated as if locally acquired would overestimate the reproduction number ([@b40]). Though the term 'elimination' has been defined in many different ways ([@b12]), reducing the local reproduction number below one is one measure of this progress ([@b11]), and is a necessary step towards global eradication. Methods have been developed to estimate the reproduction number that account for the potentially large proportion of imported cases in settings where progress is being made towards elimination ([@b11]). However none of these methods account for susceptible depletion and so are restricted to diseases with very low prevalence ([@b10], [@b11], [@b30]) or calculate the *effective* reproduction number ([@b40]), which is not a threshold parameter for disease persistence. Starting with simple models and incorporating heterogeneity or multiple strains, we have derived simple rules for estimating the basic reproduction number in a population where the disease is at endemic equilibrium due to a combination of local transmission within the population *and* reservoir exposure or imported cases. Many of these rules only require knowledge of disease prevalence and the proportion of infections attributable to the external source. We have applied these rules in two case studies of *C. difficile* infections.

2. The SIS model {#sec2}
================

We begin by adapting the simplest possible compartmental model: the standard SIS model with a homogenous, well-mixed population without demographics. We include two sources of infection: (1) transmission within the population which is proportional to the number of people infected (rate: $\beta i$) and (2) constant transmission from some reservoir that does not depend on the number of people infected (rate: $f$). Transmission within the population could be through direct contact, or mediated via fomites, airborne droplets, water or food provided this transmission scales with the infectious population. For our purposes a reservoir is anywhere where the pathogen persists apart from the human population, for instance a population of wild animals or livestock animals that carry the disease. The disease in the human population can be described by a system of ODEs for the proportion of the population that is susceptible ($s$) and infected ($i$)): $$\begin{aligned}
\mathbf{s}^{\prime} & {= - \mathbf{\lambda}\left( \mathbf{t} \right)\mathbf{s} + \mathbf{\gamma i}} \\
\mathbf{i}^{\prime} & {= \mathbf{\lambda}\left( \mathbf{t} \right)\mathbf{s} - \mathbf{\gamma i}} \\
\end{aligned},$$where $\lambda\left( t \right) = \beta i + f$ is the force of infection and $\gamma$ is the rate at which infected individuals recover.

Diseases that are acquired entirely from food or animals and diseases that are spread entirely by person-to-person transmission, are extreme cases of this model with $\beta = 0$ and $f = 0$ respectively. Many diseases lie between these two extremes. Almost all human cases of H7N9 avian influenza have been acquired from birds, but there has been some person-to-person transmission which is not enough to maintain endemic disease ([@b55]). Meanwhile human-adapted seasonal influenza (H1N1, H3N2) are mainly transmitted to humans by other humans, though there are low frequency transmission events from animal reservoirs (e.g. [@b42]). Middle-eastern respiratory syndrome coronavirus may sit somewhere in the middle of the spectrum with significant human-to-human and animal-to-human transmission ([@b56]).

The reproduction number for this simple model in the next-generation sense ([@b14]) is the same as for the standard SIS model ($\left. \beta\slash\gamma \right.$) but is a threshold parameter for extinction of the disease only when there is no transmission from the reservoir ($f = 0$), i.e. when the model reduces to the standard SIS model. Otherwise, the reservoir will continually replenish the infected population whatever the value of $R_{0}$ (since even when $\mathbf{i} = 0$, $\mathbf{i}^{\prime} = f > 0$). If there is no transmission from the reservoir we have the well-known relationship between the basic reproduction number ($R_{0}$) and the proportion of the population susceptible at equilibrium $\left( S \right)$: $\left. R_{0} = 1\slash S. \right.$ The model parameters are difficult to measure directly and so we wish to estimate $R_{0}$ through observable quantities by generalising this rule. Let $I,S$ and $\Lambda = \beta I + f$ be the non-trivial (i.e. $I,\Lambda \neq 0$) equilibrium values of $i,s$ and $\lambda$. As equilibrium points of [(1)](#fd1){ref-type="disp-formula"} they satisfy $$\Lambda S = \gamma I$$or equivalently $$\gamma = S\frac{\Lambda}{I}.$$

Now the proportion of transmission that is from the reservoir at equilibrium, $\pi$, is $$\pi = \frac{f}{\Lambda} = 1 - \frac{\beta I}{\Lambda},$$

which re-arranged for $\beta$ gives $$\beta = \left( 1 - \pi \right)\frac{\Lambda}{I}.$$

Substituting these expressions for $\beta$ and $\gamma$ into the expression for the reproduction number we get $$R_{0} \equiv \frac{\beta}{\gamma} = \frac{1 - \pi}{S}.$$We can also write this in terms of the proportion infected (which is usually what is reported rather than the proportion susceptible). $$R_{0} = \frac{1 - \pi}{1 - I}.$$These expressions simplify to $R_{0} = 0$ if the disease is only acquired from the reservoir ($\beta = 0,\pi = 1$) or to $R_{0} = \frac{1}{S} = \frac{1}{1 - I}$ when none is acquired from the reservoir ($f = 0,\pi = 0$). The general cases of these expressions lead to a simple rule for the reproduction number: $R_{0} > 1$ if and only if $I > \pi$. The disease can be maintained by transmission within the population in the absence of reservoir exposure if and only if the prevalence exceeds the proportion of transmission from the reservoir.

This simple rule has surprising implications. For diseases with low prevalence (e.g. 2%), if a small but larger portion (e.g. 3%) of transmission is from the reservoir, then the disease cannot be sustained in the population by transmission within the population alone (since $R_{0} = \frac{1 - 0.03}{1 - 0.02} < 1$). Preventing the small proportion of transmission from the reservoir (reducing $f$ and $\pi$ to 0) will cause the disease to become extinct in the population. Nevertheless, names like 'food-borne' or 'zoonotic' may be misleading for such diseases because the source of transmission is another human in most (e.g. 97%) individual infections. Instead we call these diseases *reservoir-driven*. We define the *reservoir-driven threshold* as the minimum proportion of transmission which must be from the reservoir for the disease to be considered reservoir-driven ($I$ in our simple SIS model).

The rest of this article will consider variants and extensions of the simple SIS model to demonstrate which assumptions do and do not affect the above expressions for the reproduction number and reservoir-driven threshold. We will also show that an equivalent rule of thumb and threshold exists when a disease is driven by imported cases due to travel or immigration. We will however not relax the key assumptions that the disease is at endemic equilibrium in the population, so the rules we derive are *at best* only approximately valid for diseases where the prevalence varies substantially over time. We will then consider how this rule of thumb can be applied to case studies of real diseases.

3. Simple extensions of the SIS model {#sec3}
=====================================

3.1. Births and deaths {#sec3.1}
----------------------

Simple demographics does not change our rule for the reproduction number. A modified model including deaths from both classes at rate $\delta$ and births that balance deaths is described by the equations $$\begin{aligned}
s^{\prime} & {= - \lambda\left( t \right)s + \gamma i - \delta s + \delta} \\
i^{\prime} & {= \lambda\left( t \right)s - \gamma i - \delta i} \\
\end{aligned},$$where $\lambda\left( t \right) = \beta i + f$ is the force of infection. In this model the next-generation method gives $R_{0} = \frac{\beta}{\gamma + \delta}$, but as before is a threshold parameter for extinction of the disease only when there is no transmission from the reservoir. Let $I,S$ and $\Lambda = \beta I + f$ be the non-trivial (i.e. $I,\Lambda \neq 0$) equilibrium values of $i,s$ and $\lambda$. Then $$\Lambda S = \left( {\gamma + \delta} \right)I,$$or equivalently $$\gamma + \delta = S\frac{\Lambda}{I}.$$

The force of infection terms are the same as for our original model so again we have $\beta = \left( 1 - \pi \right)\frac{\Lambda}{I}$. Substituting this into the expression for the reproduction number we get the same result as [(2)](#fd2){ref-type="disp-formula"} and [(3)](#fd3){ref-type="disp-formula"}: $$R_{0} \equiv \frac{\beta}{\gamma + \delta} = \frac{1 - \pi}{S} = \frac{1 - \pi}{1 - I}$$and the reservoir-driven threshold is still $I$. We have assumed that the death rates are the same for infected and susceptible persons, but it is simple to show that a higher (or lower) death rate for infected individuals does not affect the reasoning.

3.2. Recovered classes and other common extensions {#sec3.2}
--------------------------------------------------

The simplest SIR model without birth and deaths or waning immunity does not have an endemic equilibrium point so our method for estimating the reproduction number is not applicable to these models. Instead, consider the SIR model with births and deaths: $$\begin{aligned}
s^{\prime} & {= - \lambda\left( t \right)s - \delta s + \delta} \\
i^{\prime} & {= \lambda\left( t \right)s - \gamma i - \delta i} \\
r^{\prime} & {= \gamma i - \delta r} \\
\end{aligned},$$where $\lambda\left( t \right) = \beta i + f$ is the force of infection. Note that adding the recovered class to the SIS model with births and deaths does not change the reproduction number, the equation governing the number of infected individuals or the force of infection and so the reasoning is identical to that in the previous section. However, since there are more than two classes, $S + I \neq 1$. Therefore [(3)](#fd3){ref-type="disp-formula"} does not hold but instead, $$R_{0} = \frac{1 - \pi}{S} = \frac{1 - \pi}{1 - \left( I + R \right)}.$$

The reservoir-driven threshold here is $I + R$, i.e. the disease can be sustained by transmission within the population in the absence of reservoir exposure if and only if the proportion of transmission which is due to reservoir exposure is less than the total proportion of people infected or immune/recovered.

The same reasoning can be used for models with waning immunity, vaccination, or latent/exposed classes. Since these modifications do not affect the equations governing the number of infected individuals or the force of infection, Eq. [(2)](#fd2){ref-type="disp-formula"} still holds and therefore the reservoir-driven threshold is $1 - S$ in all these cases. For diseases with comprehensive vaccination programmes (or common diseases with lifelong immunity), almost all the population can be immune (e.g. 95%) and the proportion susceptible very low. If reservoir exposure accounts for nearly all cases but is still less than the reservoir-driven threshold (e.g. 90%), the disease could be sustained by transmission within the population alone if reservoir exposure was eliminated (since $R_{0} = \frac{1 - 0.90}{1 - 0.95} > 1$) and so eliminating exposure to the reservoir would not eliminate the disease from the human population.

3.3. Imported cases {#sec3.3}
-------------------

Analogous rules can be derived for settings where some infections are acquired locally and others are imported through immigration or those returning from travel. Using a model setup similar to [@b8], we assume that susceptible and infected individuals emigrate/leave at the same rate $\delta$, that immigration balances emigration and that a proportion $p$ of those entering the population are infected. The governing equations are $$\begin{aligned}
s^{\prime} & {= - \lambda\left( t \right)s + \gamma i - \delta s + \left( 1 - p \right)\delta} \\
i^{\prime} & {= \lambda\left( t \right)s - \gamma i - \delta i + p\delta} \\
\end{aligned}$$where $\lambda\left( t \right) = \beta i$ is the force of infection. The next-generation method gives $\left. R_{0} = \beta\slash\left( \gamma + \delta \right) \right.$ but $R_{0}$ is not by itself a threshold parameter for disease extinction because the continuous arrival/immigration of new infected individuals will sustain the disease (unless $p\delta = 0$) ([@b8]). Also note that the reproduction number here does not count any secondary cases that may arise after the primary case emigrates/leaves, or those that may arise if the primary case returns and is still infectious. The equilibrium proportion infected ($I$), proportion susceptible ($S$) and force of colonisation ($\Lambda = \beta I$) satisfy $$\Lambda S + p\delta = \left( {\gamma + \delta} \right)I,$$or equivalently $$\gamma + \delta = \frac{\Lambda S + p\delta}{I}.$$

Meanwhile the proportion of new cases that are imported, $q$, is $$q = \frac{p\delta}{\Lambda S + p\delta} = 1 - \frac{\Lambda S}{\Lambda S + p\delta} = 1 - \frac{\beta IS}{\Lambda S + p\delta}$$which we can rearrange for the transmission parameter giving $$\beta = \frac{\left( 1 - q \right)\left( \Lambda S + p\delta \right)}{IS}.$$

Therefore, we can write the reproduction number as $$R_{0} \equiv \frac{\beta}{\gamma + \delta} = \frac{1 - q}{S} = \frac{1 - q}{1 - I}.$$

These expressions lead to simple rules for the reproduction number analogous to those derived for diseased reservoir exposure. $R_{0} > 1$ if and only if $I > q$. That is, in this simple model, the disease can be sustained without importation by local transmission if and only if the prevalence exceeds the proportion of new cases that are imported through migration or travel. By analogy to the reservoir exposure model, we call this threshold the *importation-driven* threshold. This analogy still holds when heterogeneity or multiple strains are incorporated into these models --- extensions we consider in Sections [4](#sec4){ref-type="sec"}, [5](#sec5){ref-type="sec"}.

4. Heterogeneity {#sec4}
================

It is known that accounting for population heterogeneity tends to increase estimates of reproduction numbers ([@b33]). Therefore, we might expect that introducing heterogeneity into models with reservoir exposure will increase the reservoir-driven threshold. Similar to [@b13] consider a general heterogeneous population consisting of people of different $\xi$-types with susceptibility $\alpha\left( \xi \right)$, transmission parameter $\beta\left( \xi \right)$ and mean infectious period $\left. 1\slash\gamma\left( \xi \right) \right.$, distributed according to the probability density function (or when $\xi$ takes discrete values a probability mass function) $g\left( \xi \right)$. Then a SIS model with separable mixing can be represented by $$\begin{aligned}
{s_{t}\left( \xi,t \right)} & {= - \lambda\left( t \right)\alpha\left( \xi \right)s\left( \xi,t \right) + \gamma\left( \xi \right)i\left( \xi,t \right)} \\
{i_{t}\left( \xi,t \right)} & {= \lambda\left( t \right)\alpha\left( \xi \right)s\left( \xi,t \right) - \gamma\left( \xi \right)i\left( \xi,t \right)} \\
\end{aligned}$$

and $$s\left( \xi,t \right) + i\left( \xi,t \right) = g\left( \xi \right),$$

where $\lambda\left( t \right) = f + \int\beta\left( \xi \right)i\left( \xi,t \right)d\xi$ with the integral to be interpreted as a sum in the case of discrete $\xi$. For this model, the next-generation approach gives $\left. R_{0} = \int\beta\left( \xi \right)\slash\gamma\left( \xi \right)\alpha\left( \xi \right)g\left( \xi \right)d\xi \right.$ ([@b13]) but as before $R_{0}$ is only a threshold parameter for disease extinction if $f = 0$. Let $I$ and $S$ be the non-trivial equilibrium distributions of $i$ and $s$ and $\Lambda = \int\beta\left( \xi \right)I\left( \xi \right)d\xi + f$ the equilibrium value of $\lambda$. As equilibrium points they satisfy $$\Lambda S\left( \xi \right)\alpha\left( \xi \right) = \gamma\left( \xi \right)I\left( \xi \right),$$

or equivalently, $$\frac{S\left( \xi \right)\alpha\left( \xi \right)}{\gamma\left( \xi \right)} = \frac{I\left( \xi \right)}{\Lambda}.$$At equilibrium, the proportion of infections acquired from the reservoir, which is the proportion of force of infection attributable to the reservoir, is $$\pi = \frac{f}{\Lambda} = 1 - \int\frac{\beta\left( \xi \right)I\left( \xi \right)}{\Lambda}d\xi.$$

Substituting [(4)](#fd4){ref-type="disp-formula"} into the above gives $$\pi = 1 - \int\frac{\beta\left( \xi \right)\alpha\left( \xi \right)S\left( \xi \right)}{\gamma\left( \xi \right)}d\xi.$$

If we let $\left. \rho = \beta\alpha\slash\gamma \right.$ we can write the reproduction number and the proportion of infections from the reservoir in simpler terms $$\begin{aligned}
R_{0} & {= \int\rho\left( \xi \right)g\left( \xi \right)d\xi} \\
 & {= \overline{\rho}} \\
\end{aligned}$$where $\overline{\rho}$ is the mean value of $\rho$ across the population and $$\begin{aligned}
\pi & {= 1 - \int\rho\left( \xi \right)S\left( \xi \right)d\xi} \\
 & {= 1 - \mathbf{S}\int\rho\left( \xi \right)\frac{S\left( \xi \right)}{\mathbf{S}}d\xi} \\
 & {= 1 - \mathbf{S}\overline{\rho_{S}}} \\
\end{aligned}$$where $\mathbf{S}: = \int S\left( \xi \right)d\xi$ is the total susceptible population and $\overline{\rho_{S}}$ is the mean value of $\rho$ across the susceptible population. Therefore $$R_{0} = \frac{1 - \pi}{\mathbf{S}\frac{\overline{\rho_{S}}}{\overline{\rho}}}.$$

By similar reasoning one can show that $$R_{0} = \frac{1 - \pi}{1 - \mathbf{I}\frac{\int\rho\left( \xi \right)\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\rho\left( \xi \right)g\left( \xi \right)d\xi}} = \frac{1 - \pi}{1 - \mathbf{I}\frac{\overline{\rho_{I}}}{\overline{\rho}}}$$where $\mathbf{I}: = \int I\left( \xi \right)d\xi$ is the proportion of the whole population that is infected and $\overline{\rho_{I}}$ is the mean value of $\rho$ across the infected population. The quantity we want to estimate, $R_{0}$, appears as $\overline{\rho}$ on the right-hand sides of each equation and the quantities $\overline{\rho_{I}}$ and $\overline{\rho_{S}}$ are unlikely to be known, so this does not provide a practical way to estimate the reproduction number. However, these statements provide some insight into how heterogeneity can affect our estimates of the reproduction number or reservoir-driven threshold. The rule of thumb is similar to the rule for a homogenous population: $R_{0} > 1$ if and only if $\left. \mathbf{I}\overline{\rho_{I}}\slash\overline{\rho} > \pi \right.$, i.e. the reservoir-driven threshold is $\left. \mathbf{I}\overline{\rho_{I}}\slash\overline{\rho} \right.$. If those who are infected have higher-than-average (or lower-than-average) $\rho$, then accounting for this heterogeneity increases (or decreases) the reservoir-driven threshold. We derive simple expressions for the value of $\left. \overline{\rho_{I}}\slash\overline{\rho} \right.$ under some specific assumptions.

4.1. Variable susceptibility or infectious period {#sec4.1}
-------------------------------------------------

If we assume that the infectiousness ($\beta$) is fixed but the product of susceptibility and length of infectious period ($\left. \phi: = \alpha\slash\gamma \right.$) is heterogeneous, then the reservoir-driven threshold is always higher than for a homogenous population. Consider the ratio $\left. \overline{\rho_{I}}\slash\overline{\rho} \right.$ $$\frac{\overline{\rho_{I}}}{\overline{\rho}} = \frac{\int\frac{\beta\alpha\left( \xi \right)}{\gamma\left( \xi \right)}\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\frac{\beta\alpha\left( \xi \right)}{\gamma\left( \xi \right)}g\left( \xi \right)d\xi} = \frac{\int\phi\left( \xi \right)\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\phi\left( \xi \right)g\left( \xi \right)d\xi} = \frac{\overline{\phi_{I}}}{\overline{\phi}},$$where $\overline{\phi}$ and $\overline{\phi_{I}}$ are the mean values of $\phi$ across the whole population and across the infected portion of the population respectively. Now we can rearrange [(4)](#fd4){ref-type="disp-formula"} in terms of the odds of infection of an individual of type $\xi$ $$\frac{I\left( \xi \right)}{S\left( \xi \right)} = \frac{\Lambda\alpha\left( \xi \right)}{\gamma\left( \xi \right)} = \Lambda\phi\left( \xi \right).$$Since the odds of infection for an individual of type $\xi$ is proportional to $\phi$ ($\xi$), individuals with high $\phi$ (i.e. more susceptible individuals or individuals with longer infectious periods) will be over-represented in the infected portion of the population at equilibrium. Therefore $\overline{\phi_{I}} \geq \overline{\phi}$ and so the reservoir-driven threshold is at least as high as for a homogenous population.

If the prevalence is low for people of all $\xi$-types (i.e. $S\left( \xi \right) \approx g\left( \xi \right)$) there is a simple approximation for the reservoir-driven threshold. We can rearrange [(4)](#fd4){ref-type="disp-formula"} to get $$I\left( \xi \right) = S\left( \xi \right)\Lambda\phi\left( \xi \right) \approx g\left( \xi \right)\Lambda\phi\left( \xi \right).$$

and so $$\mathbf{I} = \int I\left( \xi \right)d\xi \approx \Lambda\int\phi\left( \xi \right)g\left( \xi \right)d\xi = \Lambda\overline{\phi}$$

and $$\overline{\phi_{I}} = \int\phi\left( \xi \right)\frac{I\left( \xi \right)}{\mathbf{I}}d\xi \approx \frac{1}{\overline{\phi}}\int\phi\left( \xi \right)^{2}g\left( \xi \right)d\xi.$$

If the population variance of $\phi$ is $\sigma^{2}: = \int\left( \phi\left( \xi \right) - \overline{\phi} \right)^{2}g\left( \xi \right)d\xi$ the ratio can be written approximately as $$\frac{\overline{\phi_{I}}}{\overline{\phi}} \approx \frac{1}{{\overline{\phi}}^{2}}\int\phi\left( \xi \right)^{2}g\left( \xi \right)d\xi = 1 + \frac{\sigma^{2}}{{\overline{\phi}}^{2}}$$and the reproduction number is $$R_{0} \approx \frac{1 - \pi}{1 - \mathbf{I}\left( {1 + \frac{\sigma^{2}}{{\overline{\phi}}^{2}}} \right)}.$$ Fig. 1The reservoir-driven threshold (RDT) -- the minimum proportion of transmission attributable to the reservoir above which the basic reproduction number is \<1 -- as a function of disease prevalence. Each curve indicates the RDT for different population heterogeneity assumptions for infectiousness ($\mathbf{\beta}$) and the product of susceptibility and infectious period ($\left. \mathbf{\phi} ≔ \mathbf{a}\slash\mathbf{\gamma} \right.$). The RDT for a homogenous population is equal to the disease prevalence (black line). Heterogeneous $\mathbf{\beta}$ alone does not change the RDT (black line). The RDT is higher if $\mathbf{\phi}$ is heterogeneous and $\mathbf{\beta}$ is homogenous (solid curves). The size of the effect increases with increasing heterogeneity (green curves: $\mathbf{\phi} \sim \mathbf{\Gamma}\left( 3,\mathbf{\mu} \right)$, blue curves: $\mathbf{\phi} \sim \mathbf{\Gamma}\left( 1,\mathbf{\mu} \right)$). Heterogeneity in $\mathbf{\beta}$ interacts with heterogeneity in $\mathbf{\phi}$, further increasing the RDT if $\mathbf{\beta} \propto \mathbf{\phi}$ (dashed curves) but decreasing the RDT if $\left. \mathbf{\beta} \propto 1\slash\mathbf{\phi} \right.$ (black line).

When there is no heterogeneity in $\phi$ (i.e. when $\sigma^{2} = 0$) this simplifies to the result for the homogenous SIS model. The larger the variance for a given mean, the greater the basic reproduction number and the higher the reservoir driven-threshold, $\mathbf{I}\left( 1 + \sigma^{2}\slash{\overline{\phi}}^{2} \right)$. For example if $\phi\left( \xi \right)$ and $g\left( \xi \right)$ are such that the distribution of $\phi$ across the population is gamma with mean $\mu$ and shape parameter $k$ (a convenient and often used assumption ([@b33]), then the reservoir-driven threshold is approximately $\mathbf{I}\left( {1 + \frac{1}{k}} \right)$ ([Fig. 1](#fig1){ref-type="fig"}).

If the $\xi$ type of an individual corresponds to some easily determined risk class -- for instance if $\xi$ denotes gender or smoker status -- then the proportion of people in each class, $g\left( \xi \right)$, and the odds of infection within each group, $\left. I\left( \xi \right)\slash S\left( \xi \right) \right.$, may be known. Since the odds of infection is proportional to $\phi$, we can express $\left. \overline{\phi_{I}}\slash\overline{\phi} \right.$ and $R_{0}$ in terms of these observed quantities: $$\frac{\overline{\phi_{I}}}{\overline{\phi}} = \frac{\int\phi\left( \xi \right)\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\phi\left( \xi \right)g\left( \xi \right)d\xi} = \frac{\int\frac{I\left( \xi \right)}{S\left( \xi \right)}\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\frac{I\left( \xi \right)}{S\left( \xi \right)}g\left( \xi \right)d\xi}$$

and $$R_{0} = \frac{1 - \pi}{1 - \mathbf{I}\frac{\overline{\phi_{I}}}{\overline{\phi}}} = \frac{1 - \pi}{1 - \mathbf{I}\frac{\int\frac{I\left( \xi \right)}{S\left( \xi \right)}\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\frac{I\left( \xi \right)}{S\left( \xi \right)}g\left( \xi \right)d\xi}}\quad.$$

4.2. Variable infectiousness {#sec4.2}
----------------------------

If infectiousness ($\beta$) is heterogeneous, but the product of susceptibility and length of the infectious period ($\left. \phi: = a\slash\gamma \right.$) is fixed, then the reservoir-driven threshold is the same as for a homogenous population. Consider the ratio $\left. \overline{\rho_{I}}\slash\overline{\rho} \right.$ which can be simplified as $$\frac{\overline{\rho_{I}}}{\overline{\rho}} = \frac{\int\beta\left( \xi \right)\phi\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\beta\left( \xi \right)\phi g\left( \xi \right)d\xi} = \frac{\int\beta\left( \xi \right)\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\beta\left( \xi \right)g\left( \xi \right)d\xi} = \frac{\overline{\beta_{I}}}{\overline{\beta}},$$where $\overline{\beta}$ and $\overline{\beta_{I}}$ are the mean values of $\beta$ across the whole population and across the infected portion of the population respectively. Now by [(6)](#fd6){ref-type="disp-formula"}, if $\phi$ is constant across the population the odds of infection at equilibrium is the same for people of every $\xi$-type, i.e. independent of their infectiousness. Therefore, the mean infectiousness amongst the infected population is the same as the mean infectiousness across the whole population and $\left. \overline{\beta_{I}}\slash\overline{\beta} = \overline{\rho_{I}}\slash\overline{\rho} = 1 \right.$. Eq. [(5)](#fd5){ref-type="disp-formula"} then simplifies to $$R_{0} = \frac{1 - \pi}{1 - \mathbf{I}}$$which is the same as the result for a homogenous population.

Heterogeneous infectiousness will affect the reservoir-driven threshold in a population which is also heterogeneous with respect to susceptibility or infectious period. If those who are more likely to be in the infected class (high $\phi$) are less infectious (low $\beta$), this will reduce the reservoir-driven threshold relative to homogeneous infectiousness but heterogeneous susceptibility and infectious period. As a simple example of this, assume that $\left. \beta\left( \xi \right) = 1\slash\phi\left( \xi \right) \right.$. Then $\rho\left( \xi \right) = 1$, $\overline{\rho} = \overline{\rho_{I}} = 1$ and the reservoir-driven threshold is simply $\mathbf{I}$, less than what it would be if $\beta$ were constant across the population. On the other hand, if those who are more likely to be colonised (high $\phi$) are also more infectious (high $\beta$), the reservoir-driven threshold will increase relative to homogeneous infectiousness but heterogeneous susceptibility and infectious period. As another simple example consider the proportional mixing assumption, i.e. $\beta \propto \phi$. In this case $\rho \propto \phi^{2}$ and so $$\frac{\overline{\rho_{I}}}{\overline{\rho}} = \frac{\int\phi\left( \xi \right)^{2}\frac{I\left( \xi \right)}{\mathbf{I}}d\xi}{\int\phi\left( \xi \right)^{2}g\left( \xi \right)d\xi}\quad.$$

When the prevalence is low for people of all $\xi$-types (i.e. $S\left( \xi \right) \approx g\left( \xi \right)$) we can use the same reasoning as in the previous section to approximate this ratio as $$\frac{\overline{\rho_{I}}}{\overline{\rho}} \approx \frac{\int\phi\left( \xi \right)^{3}g\left( \xi \right)d\xi}{\overline{\phi}\int\phi\left( \xi \right)^{2}g\left( \xi \right)d\xi} = \frac{\nu}{\overline{\phi}\left( {\overline{\phi}}^{2} + \sigma^{2} \right)}$$and the reproduction number by $$R_{0} \approx \frac{1 - \pi}{1 - \mathbf{I}\left( \frac{\nu}{\overline{\phi}\left( {\overline{\phi}}^{2} + \sigma^{2} \right)} \right)}.$$where $\nu$ is the third raw moment of $\phi$ across the population. If for example, $\phi\left( \xi \right)$ and $g\left( \xi \right)$ are such that $\phi$ is gamma distributed with shape parameter $k$ then the reservoir-driven threshold is approximately $\mathbf{I}\left( 1 + \frac{2}{k} \right)$, which is higher than if $\beta$ were homogenous.[Fig. 1](#fig1){ref-type="fig"} summarises how the reservoir-driven threshold changes for different types of heterogeneity explored so far.

4.3. Variable exposure to reservoir {#sec4.3}
-----------------------------------

Heterogeneous exposure to the reservoir in an otherwise homogenous population does not change the reservoir-driven threshold. Consider an SIS model where the population consists of people of type $\xi$ distributed according to $g\left( \xi \right)$ each with their own level of exposure to reservoir $f\left( \xi \right)$. Then the differential equations governing the system are $$\begin{aligned}
{s_{t}\left( \xi,t \right)} & {= - \lambda\left( \xi,t \right)s\left( \xi,t \right) + \gamma i\left( \xi,t \right)} \\
{i_{t}\left( \xi,t \right)} & {= \lambda\left( \xi,t \right)s\left( \xi,t \right) - \gamma i\left( \xi,t \right)} \\
\end{aligned}$$and $$s\left( \xi,t \right) + i\left( \xi,t \right) = g\left( \xi \right),$$where $\lambda\left( {\xi,t} \right) = \beta\int i\left( {\xi,t} \right)d\xi + f\left( \xi \right)$ is the force of infection acting on individuals of type $\xi$. The basic reproduction number for this model is $\left. \beta\slash\gamma \right.$. Let $I$ and $S$ be the non-trivial equilibrium distributions of $i,s$ (i.e. $I \neq 0$), $\mathbf{I}$ and $\mathbf{S}$ be the total number of people infected and susceptible at equilibrium and $\Lambda\left( \xi \right) = \beta\int I\left( \xi \right)d\xi + f\left( \xi \right) = \beta\mathbf{I} + f\left( \xi \right)$ be the equilibrium force of infection. As equilibrium points they satisfy $$\Lambda\left( \xi \right)S\left( \xi \right) = \gamma I\left( \xi \right).$$

The proportion of transmission that is acquired from the reservoir is then $$\begin{aligned}
\pi & {= \frac{\int f\left( \xi \right)S\left( \xi \right)d\xi}{\int\Lambda\left( \xi \right)S\left( \xi \right)d\xi}} \\
 & {= 1 - \frac{\int\beta\mathbf{I}S\left( \xi \right)d\xi}{\int\Lambda\left( \xi \right)S\left( \xi \right)d\xi}} \\
 & {= 1 - \frac{\int\beta\mathbf{I}S\left( \xi \right)d\xi}{\int\gamma I\left( \xi \right)d\xi}} \\
 & {= 1 - \frac{\beta}{\gamma}\mathbf{S} = 1 - R_{0}\mathbf{S}} \\
\end{aligned}$$and consequently $$R_{0} = \frac{1 - \pi}{\mathbf{S}} = \frac{1 - \pi}{1 - \mathbf{I}}$$leaving the reservoir-driven threshold unchanged. However, interactions with additional heterogeneities will affect the reservoir-driven threshold. Consider the case where both reservoir exposure ($f$) and the transmission rate within the population ($\beta$) depend on the $\xi$-state. In this case the equilibrium force of infection is $\Lambda\left( \xi \right) = \int\beta\left( \xi \right)I\left( \xi \right)d\xi + f\left( \xi \right)$, the reproduction number is $\left. R_{0} = \int g\left( \xi \right)\beta\left( \xi \right)\slash\gamma d\xi = \overline{\beta}\slash\gamma \right.$ where $\overline{\beta}$ is the mean value of $\beta$ in the population. The proportion of infections that are acquired from the reservoir is $$\begin{aligned}
\pi & {= \frac{\int S\left( \xi \right)f\left( \xi \right)}{\int S\left( \xi \right)\Lambda\left( \xi \right)d\xi}} \\
 & {= 1 - \frac{\int S\left( \xi \right)\int I\left( \xi \right)\beta\left( \xi \right)d\xi d\xi}{\int S\left( \xi \right)\Lambda\left( \xi \right)d\xi}} \\
 & {= 1 - \int I\left( \xi \right)\beta\left( \xi \right)d\xi\frac{\int S\left( \xi \right)d\xi}{\int I\left( \xi \right)\gamma d\xi}} \\
 & {= 1 - \int\frac{I\left( \xi \right)}{\mathbf{I}}\beta\left( \xi \right)d\xi\frac{\mathbf{S}}{\gamma}} \\
 & {= 1 - \frac{\overline{\beta_{I}}}{\gamma}\mathbf{S} = 1 - R_{0}\frac{\overline{\beta_{I}}}{\overline{\beta}}\mathbf{S},} \\
\end{aligned}$$where $\overline{\beta_{I}}$ is the mean value of $\beta$ in the infected population. Therefore $$R_{0} = \frac{1 - \pi}{\mathbf{S}\frac{\overline{\beta_{I}}}{\overline{\beta}}} = \frac{1 - \pi}{\left( 1 - \mathbf{I} \right)\frac{\overline{\beta_{I}}}{\overline{\beta}}}.$$

Those that have greater exposure to the reservoir are more likely to be infected and so will have a disproportionally large effect on $\overline{\beta_{I}}$. If those with more exposure to the reservoir are also on more infectious then $\overline{\beta_{I}} > \overline{\beta}$ and the reservoir-driven exposure is lower, and conversely if those with more exposure to the reservoir also less infectious then $\overline{\beta_{I}} < \overline{\beta}$ and the reservoir-driven threshold is higher ([Fig. 2](#fig2){ref-type="fig"}). Note that this is opposite to the relationship for heterogeneous $\beta$ and heterogeneous $\phi$ ([Fig. 1](#fig1){ref-type="fig"}).

Fig. 2The reservoir-driven threshold (RDT) for different assumptions for heterogeneity of reservoir exposure ($\mathbf{f}$) and the within-population transmission rate ($\mathbf{\beta}$). The RDT for a homogenous population is equal to the disease prevalence (black line). The RDT does not change if only $\mathbf{f}$ or only $\mathbf{\beta}$ is heterogeneous (black line). The RDT is lower if both are heterogeneous and $\mathbf{\beta} \propto \mathbf{f}$ (dashed curves). The RDT is higher if $\mathbf{\beta}$ decreases with increasing $\mathbf{f}$ (solid curves: $\mathbf{\beta} \propto \mathbf{e}^{- \mathbf{f}}$). The size of the effect increases with increasing heterogeneity (green curves: $\mathbf{f} \sim \mathbf{\Gamma}\left( 3,\mathbf{\mu} \right)$, blue curves: $\mathbf{f} \sim \mathbf{\Gamma}\left( 1,\mathbf{\mu} \right)$).

5. Multiple strains {#sec5}
===================

There is frequently more than one strain of a pathogen co-circulating within human populations and the dynamics of multi-strain interactions have been modelled extensively (e.g. [@b1], [@b16], [@b25], [@b41], [@b53]). In the few simple multi-strain models we consider, accounting for host competition increases the reservoir driven threshold for each strain compared to the single strain model. Consider a simple competitive multi-strain extension of our basic SIS model with reservoir exposure. Each strain has its own transmission parameter ($\beta_{k}$), recovery rate ($\gamma_{k}$) and reservoir exposure rate ($f_{k}$). We assume that infection with one strain prevents infection from all other strains for the duration of the infection. With $n$ strains the $n + 1$ equations governing this system are $$\begin{aligned}
s^{\prime} & {= - \sum\limits_{k = 1}^{n}\lambda_{k}\left( t \right)s + \sum\limits_{k = 1}^{n}\gamma_{k}i_{k}} \\
i_{k}^{\prime} & {= \lambda_{k}\left( t \right)s - \gamma_{k}i_{k},\,\,\,\,\,\, k = 1,\ldots,n} \\
\end{aligned}$$

where $\lambda_{k}\left( t \right) = \beta_{k}i_{k}\left( t \right) + f_{k}$ is the force of infection for each strain. Using the next-generation approach each strain has its own basic reproduction number: $\left. R_{0}^{k} = \beta_{k}\slash\gamma_{k} \right.$. Here, $R_{0}^{k}$ are not threshold parameters for strain extinction because reservoir exposure will cause the disease to persist *and* strain competition for hosts may cause a strain without reservoir exposure to die out even if that strain's basic reproduction number exceeds one. Let $S$, be the equilibrium number of susceptible people at the non-trivial equilibrium where the number of people infected with each strain ($I_{k}$) and the force of colonisation for each strain ($\Lambda_{k}$) are non-zero. For each strain we have the following relation $$\Lambda_{k}S = \gamma_{k}I_{k},$$or equivalently $$\gamma_{k} = \frac{\Lambda_{k}S}{I_{k}}.$$

The proportion of transmission of strain $k$ that is from the reservoir is $$\pi_{k} = \frac{f_{k}}{\Lambda_{k}} = 1 - \frac{\beta_{k}I_{k}}{\Lambda_{k}}.$$

Rearranging for $\beta_{k}$: $$\beta_{k} = \left( {1 - \pi_{k}} \right)\frac{\Lambda_{k}}{I_{k}}.$$

We can re-write the basic reproduction number for strain $k$ as $$R_{0}^{k} \equiv \frac{\beta_{k}}{\gamma_{k}} = \frac{1 - \pi_{k}}{S} = \frac{1 - \pi_{k}}{1 - \sum\limits_{j = 1}^{n}I_{j}}.$$

Consequently $R_{0}^{k} < 1$ if $\pi_{k} > \sum_{j = 1}^{n}I_{j}$. It follows that a given strain cannot persist without reservoir exposure if the proportion of transmission of that strain due to reservoir-exposure is more than the total prevalence of *all* strains.

We also want to account for strain competition which can lead to the extinction of strains that would otherwise persist in a population. Therefore, we consider the invasion reproduction number for each strain, i.e. not the reproduction number in a fully susceptible population, but in a population at endemic equilibrium with all the *other* strains. Consider the equilibrium point without any infections of strain $k$ that exists if there is no reservoir exposure for strain $k$ (i.e. $f_{k} = 0$). Let $S^{k},I_{1}^{k},\ldots,I_{n}^{k}$, be the equilibrium values of $s,i_{1},\ldots,i_{n}$ when $f_{k} = 0$, such that $I_{k}^{k} = 0$ and $I_{j}^{k} > 0$ if $j \neq k$. The invasion reproduction number for strain $k$ is then $R_{Invasion}^{k} = R_{0}^{k}S^{k}$. It is possible to calculate $S^{k}$ in terms of $\pi_{1},\ldots,\pi_{n}$ and $I_{1},\ldots,I_{n}$ but the exact form is cumbersome (even for the $n = 2$ case) so instead we consider a simple bound. Consider that the equilibrium proportion of each strain other than $k$ will certainly not decrease in the absence of the competition with strain $k$, i.e. $I_{j}^{k} \geq I_{j}$ for $j \neq k$. Consequently $S^{k} \leq S + I_{k}$ since $$\begin{aligned}
S^{k} & {= 1 - \sum\limits_{\frac{j = 1}{j \neq k}}^{n}I_{j}^{k} \leq 1 - \sum\limits_{\frac{j = 1}{j \neq k}}^{n}I_{j} = 1 + I_{k} - \sum\limits_{j = 1}^{n}I_{j} = S + I_{k}.} \\
\end{aligned}$$

We can bound the invasion reproduction number for strain $k$ by $$\begin{aligned}
R_{Invasion}^{k} & {= R_{0}^{k}S^{k}} \\
 & {\leq \frac{1 - \pi_{k}}{S}\left( S + I_{k} \right)} \\
 & {= \frac{1 - \pi_{k}}{1 - \frac{I_{k}}{S + I_{k}}}.} \\
\end{aligned}$$

Consequently $\frac{I_{k}}{S + I_{k}}$ is an upper bound for the reservoir-driven threshold in the presence of other strains since $R_{Invasion}^{k} < 1$ whenever $\pi_{k} > \frac{I_{k}}{S + I_{k}}$.

Our simple competitive model assumes complete exclusion, but in reality, strains are unlikely to completely exclude one another. If one allows for the possibility of coinfections or superinfection, assuming that persons infected with strains other than strain $k$ ($I_{\neg k}$) are $a_{k}$ times as susceptible to infection with strain $k$ as those not infected with any strain ($S$) and that coinfecting/superinfecting strains do not affect infectiousness or infectious period for the infecting strains, then at endemic equilibrium $$\Lambda_{k}\left( {S + a_{k}I_{\neg k}} \right) = \gamma_{k}I_{k}$$where $I_{k}$ is the proportion of people infected with strain $k$ (who may also be infected with other strains) and $\Lambda_{k} = \beta_{k}I_{k} + f_{k}$. One can use the same reasoning as above to show that $$R_{0}^{k} \equiv \frac{\beta_{k}}{\gamma_{k}} = \frac{1 - \pi_{k}}{S + a_{k}I_{\neg k}} = \frac{1 - \pi_{k}}{1 - I_{k} + \left( {1 - a_{k}} \right)I_{\neg k}}$$and $$\begin{aligned}
R_{Invasion}^{k} & {\leq \frac{1 - \pi_{k}}{1 - \frac{I_{k}}{S + a_{k}I_{\neg k} + I_{k}}} = \frac{1 - \pi_{k}}{1 - \frac{I_{k}}{1 - \left( {1 - a_{k}} \right)I_{\neg k}}}.} \\
\end{aligned}$$and so $\frac{I_{k}}{S + a_{k}I_{\neg k} + I_{k}} = \frac{I_{k}}{1 - \left( {1 - a_{k}} \right)I_{\neg k}}$ is an upper bound for the reservoir-driven threshold. If $a_{k} = 0$, this reduces to the case of complete exclusion we considered above. If $a_{k} = 1$, that is if infection with another strain neither prevents nor predisposes a patient to infection with strain $k$, then the reservoir driven threshold and reproduction number are the same for as for a model with only a single strain. In general, for a given observed equilibrium, as the exclusion against strain $k$ increases (i.e. as $\left. a_{k}\rightarrow 0 \right.$), the reservoir-driven threshold and reproduction number for strain $k$ increases. Consequently, the case of complete exclusion is an upper bound for these quantities in these simple models.

6. Case study: *Clostridium difficile* {#sec6}
======================================

*Clostridioides difficile* (also known as *Clostridium difficile)* is a bacterium that colonises the intestines of many mammals including humans and livestock ([@b22]). Most human hosts do not have symptoms despite being colonised. Colonisation is typically transient, lasting approximately one month in adults ([@b24]), due to competition and interactions with other intestinal flora ([@b9]). Disruption of the gut flora, often caused by consumption of antibiotics or proton-pump-inhibitors, allows *C. difficile* to proliferate in large numbers ([@b9]). Toxigenic strains of *C. difficile* then produce a number of toxins that can cause diarrhoea which is often severe and sometimes life-threatening ([@b51]). A robust immune response to these toxins is able to neutralise their effect ([@b26]) and most of the population have anti-toxin antibodies starting at a young age ([@b50]). Immune responses protect against symptoms but not protect against colonisation ([@b35]). Asymptomatically colonised carriers are also infectious ([@b45]) while animal models have shown that disruption of gut flora, even in the absence of symptoms, increases spore shedding and infectiousness ([@b32]).

Historically, *C. difficile* has been of most concern and thus most studied in hospitalised patients where it complicates the care of many people initially hospitalised for other conditions ([@b19]). However, there is growing recognition of cases in patients who the pathogen prior to hospital admission but for whom the onset of symptomatic disease only occurred once they were admitted to hospital. Since *C. difficile* infections are frequently observed in many hospitals and observed at much higher rate than in the broader community, it has been assumed that within-hospital transmission of *C. difficile* is the primary driver both in the hospital and the broader community.

There are many published mathematical models of *C. difficile* transmission that attempt to capture its complex epidemiology (e.g. [@b31], [@b48], [@b54]). In our own work we have used detailed models specifically tailored to *C. difficile* to demonstrate that transmission of *C. difficile* cannot be sustained by transmission in hospitals alone; that transmission in the community does not require transmission in the hospital to be sustained; that infants and asymptomatic carriers in the community are likely to be the main source of transmission between people; and that even relatively low levels of exposure to animal reservoirs of *C. difficile* would be sufficient to suggest that *C. difficile* is 'reservoir-driven' in the sense used in this manuscript ([@b38], [@b39], [@b37], [@b36]). However, we wish to see whether qualitatively similar results would be attained by the application of the much simpler modelling approach examined here and using only readily available estimates of colonisation and infection prevalence.

Since immunity to *C. difficile* toxins does not prevent colonisation or infectiousness, a simple SIS model is an appropriate starting point for *C. difficile*, provided we identify the I-class with all *C. difficile* positive individuals (not just those with symptoms). We will use variations on the SIS model below to determine whether *C. difficile* is importation-driven in a hospital setting and calculate the reservoir-driven threshold for *C. difficile* for the human population as a whole (where animals are the reservoir).

6.1. *C. difficile* in hospitals {#sec6.1}
--------------------------------

If we begin by modelling *C. difficile* in hospitals as a (homogenous) SIS model with very high rates of migration (hospital admission and discharge) then we can estimate the reproduction number using the method outlined in Section [3.3](#sec3.3){ref-type="sec"}. In words, we will estimate the within-hospital reproduction number as equation which is given in [Box I](#tbxI){ref-type="boxed-text"}

One study of colonisation and infections in hospitalised patients found 184 patients colonised at the time of admission, and another 240 patients that acquired colonisation or infection after admission ([@b35]). They identified an additional 60 or so patients who were asymptomatic at the time of admission but developed symptomatic *C. difficile* infection within 72 h of admission and were therefore deemed to have acquired the pathogen prior to admission. Thus, the proportion of *C. difficile* positive patients that acquired the pathogen prior to admission was approximately 50%.Box I$$R_{0}^{\text{Hospital}} = \frac{1 - \text{Proportion~of~colonisations~and~infections~acquired~prior~to~admission}}{1 - \text{Prevalence~of~colonisation~and~infection}}.$$

In the same study 528/5422 patients were colonised or developed an infection for part of their hospital stay. Some patients were excluded from their analysis (mostly for missing data) leaving 424/4143 patients that were colonised or developed an infection for part of the hospital stay. While these do not provide an estimate of prevalence (since many of the colonised or infected patients were only colonised for part of the hospital stay) these figures provide upper bounds to the prevalence of colonisation and infection in the study hospital: 9.7% amongst all study patients and 10.2% after exclusions. Putting this into the above formula gives an upper bound for the within-hospital reproduction number of approximately 0.55.

Unlike the study cited above, most studies focus on symptomatic patients and do not test asymptomatic patients at admission. However, the proportion of patients diagnosed with a *C. difficile* infection that were admitted for a *C. difficile* infection (principal diagnosis) is routinely reported. As patients admitted with asymptomatic colonisation who subsequently develop symptoms will not have *C. difficile* infection as their principal diagnosis, this proportion is a lower bound for the total proportion of infections that are due to exposure prior to admission and thus let us estimate an upper bound for the reproduction number. In the USA in the years 1993--2014, 20%--34% of admissions who had a *C. difficile* infection had it as their primary diagnosis ([@b21]). This is in excess of typical prevalence of colonisation and infection amongst hospitalised patients: a review of colonisation prevalence reported a range of 4%--29% ([@b17]). Therefore, our upper bound for the reproduction number lies in the range 0.69--1.1.

So far, we have assumed hospitalised patients are homogenous, but this is not the case. Patients who have recently been administered antibiotics are not more susceptible to colonisation but are more likely to develop symptoms and be more infectious ([@b35]). Thus, an SIS model with heterogeneous infectiousness is perhaps more appropriate. However, heterogeneity in infectiousness alone does not affect the estimate of the reproduction number (Section [4.2](#sec4.2){ref-type="sec"}). Factors affecting susceptibility to colonisation exist and adjusting for these will increase our estimate of the reproduction number (Section [4.1](#sec4.1){ref-type="sec"}), but this is unfortunately beyond the scope of this case study. However, our simple estimates of $R_{0}$ are in agreement with more sophisticated models of *C. difficile* transmission in hospitals that have found that the reproduction number is likely to be less than one in many or most hospital settings ([@b31], [@b36]).

There are many strains and types of *C. difficile* and it has been suggested that certain strains or types, such as NAP1/RT027, are particularly hospital-adapted ([@b15], [@b28]). It is possible that these strains have significantly higher reproduction numbers in the hospital than we have estimated above and thus may be self-sustaining in hospitals. Unfortunately, we do not have strain-level or type-level data for all strains or types. However, the article used to calculate our first estimate of the reproduction number reports the proportion of infections and colonisations typed as NAP1/RT027 ([@b35]). As the authors did not type all isolates, we assume that un-typed isolates were equally likely to be NAP1/RT027 as the isolates from similar patients that were typed, and that the proportion of NAP1/RT027 infections in those with onset \<72 h after admission (not reported) was similar to patients with colonisation at admission (13%). Under these assumptions, approximately 32 out of 150 (21%) colonisations or infections with NAP1/RT027 were present at admission. Of the approximately 10% of cases that were colonised or infected for some part of their hospital stay, approximately 3% were with NAP1/RT027 and the remaining 7% were with other types. Though colonisation with non-toxigenic strains appears to be protective against infection with toxigenic strains ([@b20]), we do not have good information about the interaction of *C. difficile* types. Nevertheless, we can use the argument we presented in Section [5](#sec5){ref-type="sec"} to bound the invasion reproduction number. This becomes as in [Box II](#tbxII){ref-type="boxed-text"}

The basic reproduction number (i.e. in a completely susceptible population without competition with other types) is slightly greater (see [Box III](#tbxIII){ref-type="boxed-text"})Box II$$\begin{aligned}
R_{\text{Invasion}}^{{NAP}1} & {\leq \frac{1 - \text{Proportion~of~NAP}1\mspace{400mu}\text{colonisations~and~infections~acquired~prior~to~admission}}{1 - \frac{\text{Prevalence~of~NAP}1\mspace{400mu}\text{colonisation~and~infection}}{\text{Proportion}\mspace{400mu} C.difficile\mspace{400mu}\text{negative} + \text{Prevalence~of~NAP}1\mspace{400mu}\text{colonisation~and~infection}}}} \\
 & {\approx \frac{1 - 0.21}{1 - \frac{0.03}{0.9 + 0.03}}} \\
 & {\approx 0.8.} \\
\end{aligned}$$

This suggests that even if other strains were eliminated and NAP1/RT027 did not compete for hosts, the continual importation of colonised and infected individuals would be required to sustain endemic disease in the study hospital. If we perform the same analysis for the pooled non-NAP1/RT027 strains in the study (approximately 212 of 334 colonisations and infections were present on admission) the equivalent upper bounds for the invasion reproduction number and basic reproduction number are both approximately 0.4. Therefore, it appears that NAP1/RT027, though importation-driven, was better adapted for transmission in the study hospital than other strains.Box III$$\begin{aligned}
R_{0}^{{NAP}1} & {\leq \frac{1 - \text{Proportion~of~NAP}1\mspace{400mu}\text{colonisations~and~infections~acquired~prior~to~admission}}{1 - \text{Prevalence~of~any}\mspace{400mu} C.difficile\mspace{400mu}\text{colonisation~and~infection}}} \\
 & {\approx \frac{1 - 0.21}{1 - 0.1}} \\
 & {\approx 0.9.} \\
\end{aligned}$$

It is worth providing some clarifying remarks about how these estimates of reproduction numbers should and should not be interpreted. As noted in Section [3.3](#sec3.3){ref-type="sec"}, these reproduction numbers do not include any secondary cases that may arise from the primary case following discharge, either in the community or during a subsequent readmission to a hospital (either the same hospital or a different one). A reproduction number that counted these secondary cases would be strictly higher than those estimated here. Nevertheless, the reproduction numbers estimated here are threshold parameters for disease extinction in individual hospitals in the absence of imported cases. Since our calculations suggest that this reproduction number is likely to be below the critical threshold of one, it follows that preventing the admission of colonised individuals, or the effective isolation of patients colonised at admission would drive within-hospital transmission to extinction, a conclusion corroborated by some quasi-experimental studies ([@b34]). However, note that this conclusion would hold true even if all patients who are colonised on admission are patients who have acquired the pathogen in a previous hospital stay. Consequently, based on these calculations alone, we cannot conclude that eliminating all transmission in hospitals would not also eliminate (or dramatically reduce) the proportion of admissions that are colonised at admission. In other words, the calculations in this paper imply that the admission of colonised patients is essential for the maintenance of endemicity in hospitals, but do not imply the converse statement, that within-hospital transmission is not essential for the maintenance of endemicity in hospitals. Nevertheless, we have previously used models of *C. difficile* transmission in hospitals and the broader community that are better able to answer this question to demonstrate that this converse is also likely to hold in most settings ([@b38], [@b39]).

Fig. 3Estimates of the reservoir-driven threshold for C. difficile in human populations and its dependence on the prevalence of each of four risk groups. In each subfigure, the prevalence in one risk group is varied across the reported range ([@b17]) (x-axes) while the other three prevalences are fixed at the values indicated by the vertical lines in the other subfigures. We consider two scenarios; one where each of the fixed prevalences is assumed to be in the middle of the reported range (solid lines and curves); the other the same except the prevalence in infants is only 25% (dotted lines and curves). We assume that 0.5%, 1%, 1.5% and 97% of the population are in the hospital, aged-care, infant and 'other' risk groups respectively.

6.2. *C. difficile* and animal reservoirs {#sec6.2}
-----------------------------------------

Carriage of *C. difficile* in the general adult population is less common than in hospitals or aged-care facilities, with reported prevalence in the range 0%--15%, though $\lesssim 5\text{\%}$ is perhaps most typical ([@b17]). *C. difficile* is also commonly found colonising pets and livestock, while *C. difficile* spores are frequently isolated on meat, fresh produce and in water ([@b22]). Crucially, there is significant overlap in strains observed in human and non-human sources ([@b28]). However the proportion of human cases that are acquired from a non-human reservoir is unknown. Consequently, we cannot use our methods to estimate the reproduction number, but we can calculate the reservoir-driven threshold. If it is reasonable to suspect that reservoir exposure accounts for a proportion equal to or exceeding the threshold, then *C. difficile* may be sustained in the human population by exposure to animal reservoirs.

If we begin with a homogenous SIS model with reservoir exposure, then our estimate of the reservoir-driven threshold is simply the prevalence in the community which is typically $\lesssim 5\text{\%}$ for adults (Section [2](#sec2){ref-type="sec"}). Given the ubiquity of non-human exposure it is plausible that reservoir exposure exceeds this very low threshold. Some individuals will have higher exposure to these reservoirs (depending on diet and lifestyle factors), but this alone will not affect the reservoir-driven threshold unless those with greater exposure are also are more (or less) infectious (Section [4.3](#sec4.3){ref-type="sec"}). Heterogeneous​ infectiousness due to potential differences between patients with and without symptoms, or differences between patients with and without recent antimicrobial exposure does not affect the food driven exposure in isolation (Section [4.2](#sec4.2){ref-type="sec"}). However, communities are not homogenous with regard to *C. difficile* colonisation risk, as demonstrated by the higher rates of colonisation and infection in hospitals, aged-care facilities and the very high colonisation rates amongst infants. Accounting for this heterogeneity will increase our estimate of the reservoir-driven threshold (Section [4.1](#sec4.1){ref-type="sec"}).

If we split our population into four risk categories -- (A) hospitalised patients, (B) aged-care residents, (C) infants under 12 months and (D) the rest of the population -- we can begin to account for some of this heterogeneity. If we assume separable mixing with heterogeneous susceptibility and infectious period, we need only the prevalence in each group and the proportion of the population that is in each group to estimate the reservoir-driven threshold (Eq. [(7)](#fd7){ref-type="disp-formula"}). The reported range of colonisation prevalence in each of these groups is (A) 0%--29%, (B) 0%--51%, (C) 18%--90% and (D) 0%--15% respectively ([@b17]), while the total proportion of the population in each of these groups in a developed country like Australia is (A) \<0.5% ([@b43]), (B) \<1% ([@b3]), (C) \<1.5% ([@b2]) and (D) \>97% respectively.

If we use the upper end of the prevalence range for each risk group, though only 16.6% of the population is colonised, the reservoir-driven threshold is 48.0%. Assuming a lower colonisation prevalence in the majority population (D) decreases overall prevalence but increases heterogeneity and can increase the reservoir-driven threshold. If only 1% of the healthy adult population is colonised, then overall prevalence is 3.0% but the reservoir-driven threshold is much higher at 81.1%. These extreme values taken from across the literature are not typical and are unlikely to coincide in a single population. If we consider more typical values of colonisation prevalence, the picture is quite different. With prevalence half of the maximum reported values (i.e. (A) 14.5%, (B) 25.5%, (C) 45% and (D) 7.5%), which is still probably much higher than typical for infants in particular ([@b29]), the reservoir-driven threshold is only 13.0%. The reservoir-driven threshold is lower still if prevalence is lower in any of the high-risk minority groups (A--C). [Fig. 3](#fig3){ref-type="fig"} explores the effect of different prevalence assumptions on the reservoir-driven threshold.

This model and estimate of the reservoir-driven threshold is of course very rough. Transmission is not well mixed between or within the four risk-categories. Furthermore, the pathogen's interactions with medications, gut-flora and host immunity leads to greater complexity than can be captured with a simple SIS model. The risk-categories of individuals change over time as patients age or move in and out of hospitals and so a multi-patch with age structure would provide better estimates. Nevertheless, this very simple calculation serves as a back-of-the-envelope estimate for the plausible range of the reservoir-driven threshold, demonstrating that under a range of reasonable assumptions a relatively small amount of transmission from animals could be sustaining endemic disease in human populations. Our simple calculations with figures from the middle of the reported prevalence range agree with a detailed, model of hospitals and communities that found the reservoir-driven threshold was between 3.5% and 26.0% for a wide range of plausible assumptions ([@b38]).

There are many strains or types of *C. difficile* that circulate in human populations and the arguments set out in Section [5](#sec5){ref-type="sec"} could be used to determine whether individual types are reservoir-driven. It could be the case that some strains are sustained by exposure to animals, while other strains -- though also present in animal populations -- are sufficiently transmissible between humans to persist without transmission from animals. *C. difficile* PCR ribotype 078 (RT078) is a particularly good candidate to consider as a reservoir-driven strain. Though it is not known what proportion of human RT078 cases can be attributed to transmission from an animal source, whole-genome sequencing of isolates of this strain from livestock and humans strongly suggest frequent transmission between these groups ([@b27]). On the other hand NAP1/RT027 which is found in livestock but appears to be more transmissible between people than other strains, might have some human cases attributable to animal sources but is less likely to be animal-driven ([@b46]). Finally RT001, which accounts for many human infections in European settings, appears to be uncommon in livestock ([@b46]).

7. Conclusion {#sec7}
=============

We have outlined the theory and application of very simple rules to estimate reproduction numbers in the presence of reservoir-exposure or imported cases. The rules require minimal information about the population and the pathogen of interest and could be a useful starting point or alternative to more complex models tailored to a population or pathogen. Churcher et al. have developed a statistical test using branching process theory to infer whether $R_{0} < 1$ in populations that are nearing disease elimination but have many imported cases ([@b11]). Cauchemez et al. use a similar approach that accounts for incomplete case detection and the overrepresentation of larger outbreaks to estimate the reproduction number for emerging zoonoses ([@b10]). However, their models assume almost all the population is susceptible and so are not suitable for situations where the prevalence of infection or immunity is far from zero. Moreover, the latter method assumes that the reproduction is less than one so is not appropriate in settings where is there is genuine uncertainty as to whether the reproduction number is above or below one ([@b10]). Our model accounts for susceptible depletion and works for infections where the reproduction number is above or below one, but relies on estimates of prevalence to do so. This can pose a potential difficulty as often incidence rather than prevalence is reported. Reliable estimates of prevalence either requires near-perfect case acquisition or surveys of sero-prevalence, carriage or infection and these surveys must have large sample sizes if prevalence is low. Indeed, a good deal of the variability in colonisation prevalence reported for *C. difficile* outside hospitals might be attributed to the relatively small sample sizes involved ([@b17]). Another potential difficulty with our method of estimating reproduction numbers comes when one tries to estimate the proportion of cases that are attributable to the reservoir or importation. It is often easier to demonstrate that there is *some* movement of pathogens into the population of interest from reservoirs or other populations, than to estimate the proportion of cases in the population that can be directly attributed to these external sources. Even in our case study, though genetic evidence demonstrates transmission of *C. difficile* between animals and humans ([@b27]), the proportion of transmission from animals remains completely unknown. Extensive, high-resolution molecular typing of pathogens (e.g. whole genome sequencing) can be of use here and has been used to estimate the proportion of *C. difficile* infections in hospitals that can be attributed to transmission from symptomatic, hospitalised individuals and link symptomatic individuals to asymptomatically colonised infants ([@b49], [@b52]). For other diseases, the more traditional epidemiological tools such as identifying exposures to the reservoir may be successful, especially if exposure to the reservoir is clear and uncommon (e.g. butchering the reservoir animal species ([@b56])).

Some caution is required when using the reservoir-driven and importation-driven thresholds. It does not follow that if a disease is reservoir-driven or importation driven, then interventions targeting the external source and transmission from the external source will be most effective or 'best'. The 'best' control strategy will depend on the relative effort required to prevent each kind of exposure, the impact of these interventions and metric used to compare these. If it is equally feasible and desirable to eliminate all exposure from either source, eliminating transmission from the reservoir or importation is clearly the better choice for a importation-driven or reservoir-driven disease as this will prevent all local human cases, while preventing only local transmission or preventing only transmission not linked to reservoir exposure will prevent only a portion of infections. However, if only modest reductions are feasible, then targeting local human transmission may be more effective. One can calculate the normalised derivatives of equilibrium prevalence to estimate the reduction in prevalence achieved by a small reduction in each kind of transmission. For example, in the homogenous SIS model with reservoir-exposure, a greater reduction in prevalence is achieved by reducing reservoir exposure only if more than half of cases are acquired from the reservoir[1](#fn1){ref-type="fn"} . This is true whether or not the disease is reservoir-driven. A similar rule can be derived for the SIS model with imported cases.

The major limitation of our method is the assumption that the disease and population are at equilibrium. Many diseases, including our case study disease *C. difficile,* exhibit seasonal variation ([@b18]). It is possible that an infection is sufficiently transmissible to be locally sustained in high-transmission seasons, but reservoir-driven or importation-driven in low-transmission seasons ([@b11]). Similarly, it possible that exposure to the reservoir is seasonal ([@b47]). It is possible that an epidemic in one setting is driven by exposure to a population or reservoir where an epidemic is ongoing. Our model does not account for these kinds of temporal variability when estimating reproduction numbers and reservoir-driven thresholds.

The simplicity, minimal data requirements, generality and extensibility of the method we have presented here make it useful starting point for understanding the impact and interaction of transmission sources both internal and external to a population.
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For this simple model the normalised derivatives w.r.t the transmission rate within the population and reservoir exposure rate can be written $\frac{\beta}{I}\frac{\partial I}{\partial\beta} = \frac{1 - \pi}{\frac{I}{1 - I} + \pi}$ and $\frac{f}{I}\frac{\partial I}{\partial f} = \frac{\pi}{\frac{I}{1 - I} + \pi}$. Hence $\frac{\beta}{I}\frac{\partial I}{\partial\beta}$ \> $\frac{f}{I}\frac{\partial I}{\partial f}$ whenever $\left. \pi < 1\slash 2 \right.$.
